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TWO-TERM TILTING COMPLEXES FOR PREPROJECTIVE
ALGEBRAS OF NON-DYNKIN TYPE
YUTA KIMURA AND YUYA MIZUNO
Abstract. In this paper, we study two-term tilting complexes for preprojective algebras
of non-Dynkin type. We show that there exist two families of two-term tilting complexes,
which are respectively parameterized by the corresponding Coxeter group. Moreover, we
provide the complete classification in the case of affine type by showing that any two-
term silting complex belongs one of them. For this purpose, we also discuss the Krull-
Schmidt property for the homotopy category of finitely generated projective modules
over a pseudo-compact ring.
1. Introduction
Let ∆ be a finite graph without loops,W the Coxeter group of ∆ and Λ the preprojective
algebra of ∆. Recently, a strong connection between the representation theory of Λ andW
has been discovered, and this link allows us to study the category of Λ-modules in terms
of combinatorics of W . To explain this relationship more precisely, we give the following
notations.
Let Ii := Λ(1−ei)Λ be the two-sided ideal of Λ, where ei is the idempotent corresponding
i ∈ ∆0, and 〈I1, . . . , In〉 := {Ii1 · · · Iil | l ≥ 0, i1, . . . , il ∈ ∆0}. Then, by [BIRS, IR1], we
have a bijection
W ∋ w = si1 · · · sil 7→ Iw := Ii1 · · · Iil ∈ 〈I1, . . . , In〉,
where si1 · · · sil is a reduced expression of w. The object Iw plays a quite important role not
only in the study of the category Λ-modules but also from the viewpoint of categorification
of cluster algebras, for example [AM, AIRT, BIRS, GLS, IRRT, Ki1, Ki2, L, M1, M2, SY].
Among others, the situation is particularly nice if ∆ is a Dynkin graph. In this case,
〈I1, . . . , In〉 can be identified with the set sτ -tiltΛ of support τ -tilting Λ-modules, and
the above map provides a bijection W → sτ -tiltΛ [M1]. Then this map induces a poset
isomorphism (defined by the weak order) and an action of simple generators of W can be
interpreted as mutation of sτ -tiltΛ. This fact, together with general properties of support
τ -tilting modules, yield a comprehensive study of various important objects in the category
such as torsion classes, silting complexes and so on (we refer to [AIR, IR1, BY] for the
background of τ -tilting theory).
One of the main motivation of the paper is to generalize this result to non-Dynkin cases.
Namely, we study two-term tilting and silting complexes of preprojective algebras of non-
Dynkin type. We note that Auslander-Reiten duality τ is defined for finite dimensional
algebras, while preprojective algebras of non-Dynkin type are infinite dimensional. There-
fore, it is reasonable to study the set of two-term silting complexes, which is naturally in
bijection with the set of support τ -tilting modules if an algebra is finite dimensional.
The first-named author is supported by the Alexander von Humboldt Stiftung/Foundation in the frame-
work of the Alexander von Humboldt Professorship endowed by the Federal Ministry of Education and
Research.
1
2 YUTA KIMURA AND YUYA MIZUNO
In [IR1, BIRS], it is shown that Iw is a (classical) tilting module if ∆ is non-Dynkin.
In this paper, we improve this result from the viewpoint of τ -tilting theory and silting
theory. Following [BIRS], we first provide two initial families of two-term tilting complexes,
which are respectively parameterized by the corresponding Coxeter group. These two-term
tilting complexes also play an important role when we study two-term silting complexes
of preprojective algebras of affine type. We investigate a chamber structure of them by
the technique of τ -tilting theory [DIJ], and in the case of affine type, we show that any
two-term silting complex belongs one of them.
Our main results are summarized as follows (see Propositions 2.5, 2.6, 2.7 and Theorem
3.1 for some notation).
Theorem 1.1. Let ∆ be a non-Dynkin graph, Λ = Λ∆ the completed preprojective algebra
of ∆ and W =W∆ the Coxeter group of ∆. We denote by 2-tiltΛ the set of isomorphism
classes of basic two-term tilting complexes of Kb(projΛ) (Note that the sets W and 2-tiltΛ
have natural partial orderings, see section 2).
(a) There are order-reversing injection and order-preserving injection
φ :W → 2-tiltΛ, w 7→ Pw and φ
∗ :W → 2-tiltΛ, w 7→ Rw,
and {Pw}w∈W
⋂
{Rw}w∈W = ∅.
(b) Moreover, assume that ∆ is affine type. Then
2-siltΛ = {Pw}w∈W
∐
{Rw}w∈W ,
where 2-siltΛ is the set of isomorphism classes of basic two-term silting complexes
of Kb(projΛ). In particular, any two-term silting complex of Kb(projΛ) is a tilting
complex.
Since a preprojective algebra of non-Dynkin type is not finite dimensional, the Krull-
Schmidt property is quite non-trivial. To discuss the above result, we show that the
homotopy category of finitely generated projective modules over an m-adically pseudo-
compact ring has the Krull-Schmidt property.
Finally, from the viewpoint of Theorem 1.1 (b), we pose the following naive question.
Question 1.2. Let Λ be a preprojective algebra of non-Dynkin graph. Is any silting com-
plex of Kb(projΛ) is tilting ?
One of the remarkable property of preprojective algebras of non-Dynkin type is that a
family of complexes obtained from Λ by mutation is always tilting. Therefore it is hard to
find even an example of a silting complex which is not tilting. In the case of affine graph,
a positive answer was informed us by Osamu Iyama. We are grateful to him for agreeing
to include his proof as an appendix.
Acknowledgements. The authors are grateful to Osamu Iyama for useful discussions
and allowing us to write his result in the appendix.
2. Preprojective algebra of non-Dynkin type
Throughout this paper, let K be an algebraically closed field. Modules mean left mod-
ules. Let Q = (Q0, Q1, s, t) be a finite acyclic quiver. The double quiver Q = (Q0, Q1, s, t)
of Q is defined by Q0 = Q0, Q1 = Q1 ⊔ {α
∗ : t(α) → s(α) | α ∈ Q1}. For two arrows α
and β of Q such that s(α) = t(β), we denote by αβ the composite of them.
We first recall the notion of preprojective algebras.
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Definition 2.1. Let Q be a finite acyclic quiver whose underlying graph is ∆. The
preprojective algebra of Q is defined as follows
KQ/〈
∑
α∈Q1
αα∗ − α∗α〉.
The (completed) preprojective algebra Λ of Q is the completion of the preprojective algebra
by the arrow ideal. Since Λ is independent of the orientation of Q, we write Λ = Λ∆.
In the rest of this section, we fix a non-Dynkin graph ∆ (i.e., ∆ is not type A,D
and E) and Λ = Λ∆. We denote by projΛ the category of finitely generated projective
Λ-modules and Kb(projΛ) the homotopy category of bounded complexes of projΛ. An Λ-
module M is called finitely presented if there exists an exact sequence P → Q→M → 0
with P,Q ∈ projR. We denote by fpΛ the full subcategory of the category of Λ-modules
consisting of finitely presented modules.
Recall that an additive category is called Krull-Schmidt if each object is a finite direct
sum of objects such that whose endomorphism algebras are local. Since the completed
preprojective algebra Λ is an m-adically pseudo-compact ring (Example 4.1 (iii)), we have
the Krull-Schmidt property as follows.
Theorem 2.2. Kb(projΛ) and fpΛ are Krull-Schmidt categories.
Theorem 2.2 follows from the general property of pseudo-compact rings, which is dis-
cussed in section 4.
Next we recall the definitions of tilting modules and tilting complexes. Recall that an
object X of a Krull-Schmidt category is called basic if the multiplicity of each indecom-
posable direct summand of X is one.
Definition 2.3. (a) A Λ-module T is called a tilting module (of projective dimension
at most one) if it satisfies
(i) there exists an exact sequence 0 → P1 → P0 → T → 0 with a finitely
generated projective Λ-modules Pi,
(ii) Ext1Λ(T, T ) = 0, and
(iii) there exists an exact sequence 0→ Λ→ T0 → T1 → 0 with T0, T1 in addT .
(b) Let S, T be tilting Λ-modules. Then we write S ≥ T if Ext1Λ(S, T ) = 0. We regard
the set of isomorphism classes of basic tilting modules as a poset by this order
[HU, RS].
(c) A complex T ∈ Kb(projΛ) is called a tilting complex if it satisfies
(i) HomKb(projΛ)(T, T [i]) = 0 for any i 6= 0, and
(ii) T generates Kb(projΛ).
(d) Let S, T be tilting complexes. We write S ≥ T if HomKb(projΛ)(S, T [i]) = 0 for any
i > 0. We can regard the set of isomorphism classes of basic tilting complexes as
a poset by this order [AI, Definition 2.12].
In this paper, we study two-term tilting complexes. Recall that a complex P = (P i, di)
in Kb(projΛ) is a two-term complex if P i = 0 for all i 6= −1, 0.
The Coxeter group W =W∆ of ∆ is the group generated by the set { si | i ∈ ∆0 } with
relations s2i = 1, sisj = sjsi if there exist no edge between i and j, and sisjsi = sjsisj if
there exists exactly one edge between i and j. If a word si1 · · · sil represents an element
w ∈ W , then we write w = si1 · · · sil and say that si1 · · · sil is an expression of w. Let
si1 · · · sil be an expression of w. If l is minimal among all expressions of w, then we say
that si1 · · · sil is a reduced expression of w, l is called a length of w and we write ℓ(w) = l.
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For v,w ∈W , we write v ≤ w if ℓ(v−1w) = ℓ(w)− ℓ(v) holds. We call this ≤ the (right)
weak order and regard W as a poset by this order.
We denote by Ii the two-sided ideal of Λ generated by 1− ei, where ei is the primitive
idempotent of Λ for i ∈ ∆0. We denote by 〈I1, . . . , In〉 the set of ideals of Λ which can be
written as Ii1 · · · Iil for some l ≥ 1 and i1, . . . , il ∈ ∆0, where Iid := Λ. Then the following
result was shown.
Theorem 2.4. [BIRS, Theorem III.1.9, 1.13]
(a) There exists a bijection W → 〈I1, . . . , In〉. It is given by w 7→ Iw = Ii1 · · · Iil for
any reduced expression w = si1 · · · sil.
(b) Iw is a tilting Λ-module and a tilting Λ
op-module for any w ∈W .
(c) The map w 7→ Iw gives a poset anti-isomorphism between W and 〈I1, . . . , In〉.
By Theorems 2.2 and 2.4, there exists a minimal projective resolution of Iw as a Λ-
module
0 // P 1w
f
// P 0w // Iw // 0
with f ∈ radΛ(P
1
w, P
0
w). Then put
Pw := ( · · · // 0 // P
1
w
f
// P 0w // 0 // · · · ) ∈ K
b(projΛ),
which is a two-term complex. Then we have the following proposition.
Proposition 2.5. (a) Pw is a two-term tilting complex of K
b(projΛ) for any w ∈W .
(b) The map w 7→ Pw gives a poset anti-isomorphism between W and {Pw}w∈W .
Proof. (a) Since Iw is a tilting Λ-module, Pw is a tilting complex.
(b) We have two bijections
W −→ 〈I1, . . . , In〉 −→ {Pw}w∈W ,
where the first map is given by w 7→ Iw as Theorem 2.4 and the second one is given by
Iw 7→ Pw as above. By Theorem 2.4, the first map is a poset anti-isomorphism. By the
definitions of orderings of tilting modules and tilting complexes, the second one is a poset
isomorphism. Therefore the map w 7→ Pw gives a poset anti-isomorphism. 
Since Iw is also a tilting Λ
op-module, we can similarly take a minimal projective reso-
lution of Iw as a Λ
op-module 0 // Q1w
g
// Q0w // Iw // 0 with g ∈ radΛop(Q
1
w, Q
0
w). Then
put
Qw := ( · · · // 0 // Q
1
w
g
// Q0w // 0 // · · · ) ∈ K
b(projΛop),
Rw := HomΛop(Qw,Λ[1]).
Then we have Rw ∈ K
b(projΛ) and this is also a two-term complex.
Proposition 2.6. (a) Rw is a two-term tilting complex of K
b(projΛ) for any w ∈W .
(b) The map w 7→ Rw gives a poset isomorphism between W and {Rw}w∈W .
Proof. From a duality HomΛ(−,Λ) : K
b(projΛ)
≃
→ Kb(projΛop), we have the assertion. 
Then we have the following result.
Proposition 2.7. We have {Pw}w∈W
⋂
{Rv}v∈W = ∅. In particular, there exist two
different families of tilting complexes of Kb(projΛ).
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Proof. Assume that Pw = Rv holds for some v,w ∈W .
Let g : Q1v → Q
0
v be a minimal projective resolution of Iv as a Λ
op-module. By applying
HomΛop(−,Λ) to g, we have an exact sequence
0→ HomΛop(Iv,Λ)→ HomΛop(Q
0
v,Λ)
g∗
−→ HomΛop(Q
1
v,Λ).
This implies that H−1(Rv) = HomΛop(Iv,Λ) 6= 0.
On the other hand, since Pw = (P
1
w → P
0
w) is a minimal projective resolution of Iw, we
have H−1(Pw) = 0, which is a contradiction. 
3. Preprojective algebras of affine type
In this section, we assume that Λ is a completed preprojective algebra of an affine graph
∆, that is, ∆ is one of the following graphs.
A˜n :
◦
◦
◦ · · · ◦ ◦
D˜n :
◦
◦
◦ ◦ · · · ◦ ◦
◦
◦
E˜6 :
◦
◦
◦ ◦ ◦ ◦ ◦
E˜7 :
◦
◦ ◦ ◦ ◦ ◦ ◦ ◦
E˜8 :
◦
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
Recall that a complex T ∈ Kb(projΛ) is called a silting complex if we replace the
condition (i) of Definition 2.3 (c) to (i’) : HomKb(projΛ)(T, T [i]) = 0 for any i > 0. We
denote by 2-siltΛ (respectively, 2-tiltΛ) the set of isomorphism classes of basic two-term
silting complexes (respectively, tilting complexes) of Kb(projΛ). Our aim is to show the
following result and classify all two-term tilting complexes as follows.
Theorem 3.1. (a) We have 2-siltΛ = 2-tiltΛ.
(b) We have
2-tiltΛ = {Pw}w∈W
∐
{Rw}w∈W .
In the rest of this section, we will give a proof of Theorem 3.1.
Definition 3.2. [BB] Let V be a real vector space of dimension n = |∆0| with a basis αi
(i ∈ ∆0) and let V
∗ be the dual vector space with a basis α∗i . Let mij be the number of
edges between the vertices i and j of ∆ (note that mi,j > 1 only if ∆ is type A˜1). Then
we define the geometric representation σ :W → GL(V ) of W by
σsi(αj) = αj + (mij − 2δij)αi.
The contragradient of the geometric representation σ∗ : W → GL(V ∗) is then defined
by
σ∗si(α
∗
j ) =


α∗j (i 6= j)
−α∗j +
∑
t6=jmtjα
∗
t (i = j).
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Note that we have 〈σ∗w(x), σw(y)〉 = 〈x, y〉, where 〈x, y〉 is the canonical pairing of
x ∈ V ∗ and y ∈ V .
Remark 3.3. By defining a label m(i, j) by
m(i, j) :=


1 (i = j)
3 (∃ one edge between i and j)
∞ (∃ two edges between i and j)
2 (∄ edge between i and j)
and a symmetric bilinear form (−,−) on V by (αi, αj) := − cos
pi
m(i,j) , we have σsi(αj) =
αj − 2(αi, αj)αi which is the same notation as [Hu].
Then we recall the following result.
Theorem 3.4. [IR1, BIRS] Let K0(Λ)R := K0(K
b(projΛ)) ⊗Z R and let V
∗ → K0(Λ)R
be an isomorphism defined by α∗i 7→ [Λei]. Then the induced isomorphism GL(V
∗) →
GL(K0(Λ)R) satisfies σ
∗
w 7→ [Iw ⊗
L
Λ−] for any w ∈W .
For T = T1⊕· · ·⊕Tn ∈ 2-tiltΛ, we denote by C(T ) the cone spanned by {[T1], . . . , [Tn]}
in K0(Λ)R = V
∗, that is, C(T ) = {
∑n
i=1 ai[Ti] | ai ∈ R≥0}.
Then we have the following result, which follows from Theorem 3.4 and the standard
fact about the affine Weyl fans.
Proposition 3.5. We have
⋃
w∈W
C(Pw) ∪
⋃
w∈W
C(Rw) = V
∗,
where (−) denotes the closure.
Proof. We will show
⋃
w∈W C(Pw) gives a half-space of V
∗. Then, because C(Rw) =
−C(Pw),
⋃
w∈W C(Rw) gives the rest half-space and we get the conclusion.
Let M = (M(i, j))i,j∈∆0 be the matrix defined by M(i, j) := −
1
2(mij − δij) and let
V ⊥ := {v ∈ V | Mv = 0}. Then V ⊥ is a 1-dimensional vector space given by
∑n
i=1 ciαi,
where ci > 0 for any i [Hu, Proposition 2.6].
Let E := {f ∈ V ∗ | 〈f, V ⊥〉 = 1}, Zi := {f ∈ V
∗ | 〈f, αi〉 = 0} and Ei := E∩Zi. For v ∈
V ⊥, we have σw(v) = v for w ∈W [Hu, Proposition 6.3], and hence σ
∗
w stabilizes E. Then
σ∗si acts as an orthogonal reflection relative to Ei and Ei gives the geometric description of
the affine Weyl group as the hyperplanes bounding the alcove F := C(Pid)∩E [Hu, section
6.5]. Therefore the action of {σ∗w}w∈W to F permutes the all alcoves in E transitively [Hu,
Proposition 4.3] and hence
⋃
w∈W σ
∗
w(F ) = E.
On the other hand, because [Iw ⊗
L
Λ−] = σ
∗
w by Theorem 3.4, we have C(Pw) =
C(Iw⊗
L
Λ Λ) = σ
∗
w(C(Pid)). Thus, C(Pw) ∩ E = σ
∗
w(F ) and hence
⋃
w∈W C(Pw) ∩E = E.
Consequently,
⋃
w∈W C(Pw) = {f ∈ V
∗|〈f, V ⊥〉 ≥ 0} and we get the conclusion. 
Example 3.6. (a) Let ∆ be the type A˜1. The situation can be described as follows.
TWO-TERM TILTING COMPLEXES FOR PREPROJECTIVE ALGEBRAS OF NON-DYNKIN TYPE 7
E
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋ α2
V ⊥
//
②
②
②
②
②
②
②
②
②
②
② α1
OO
In this case, the intersection of E and α1 (respectively, α2) gives E2 (respectively,
E1) and their interval is F .
(b) Let ∆ be the type A˜2. The situation can be described as follows.
α2
α3
α1
V ⊥
E1
E2
E3
In this case, the inner region surrounded by E1, E2 and E3 gives F .
Next we use the following result.
Theorem 3.7. [DIJ, P, Hi]
(a) The map T 7→ [T ] induces an injection 2-siltΛ→ K0(K
b(projΛ)).
(b) Let T and U be two-term silting complexes in Kb(projΛ). If T ≇ U , then C(T )
and C(U) intersect only at their boundaries.
Proof. (a) follows from [DIJ], together with [P] in which infinite dimensional cases are
discussed. For the convenience of the reader, we give a sketch of a proof. Let
T := ( · · · // 0 // T 1
fT
// T 0 // 0 // · · · ) and U := ( · · · // 0 // U1
fU
// U0 // 0 // · · · )
be two-term silting complexes. We have add(T 0)∩add(T 1) = {0} and add(U0)∩add(U1) =
{0} by [AI, Lemma 2.25]. Assume that [T ] = [U ]. This implies that T 0 ≃ U0 and
T 1 ≃ U1. Consider an action of the group AutΛ(T
0)× AutΛ(T
1) on HomΛ(T
1, T 0) given
by (g0, g1)(f) := g0f(g1)−1. Then by the same argument as [P, subsection 3.1], the orbits
of fT and fU in HomΛ(T
1, T 0) intersect, which implies T ∼= U .
(b) follows from (a) and [Hi, DIJ]. 
Using the above results, we finally obtain the following proof.
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Proof of Theorem 3.1. Let S be a two-term silting complex Kb(projΛ). Then [S] gives
a basis of K0(K
b(projΛ)) [AI, Theorem 2.27]. On the other hand, by Proposition 3.5,
we have an equality
⋃
w∈W C(Pw) ∪
⋃
w∈W C(Rw) = V
∗. Thus Theorem 3.7 (b) shows
that S ∼= Pw or S ∼= Rw for some w ∈ W . Because {Pw}w∈W and {Rw}w∈W are tilting
complexes by Propositions 2.5 and 2.6, we get the assertion. 
4. The Krull-Schmidt property of homotopy categories
In this section, we show that if Λ is an m-adically pseudo-compact ring, then its ho-
motopy category Kb(projΛ) of finitely generated projective Λ-modules is a Krull-Schmidt
category. The theorem was originally shown in the case where Λ is a complete path algebra
in [KeY]. The authors thank Bernhard Keller and Dong Yang for their pointing out the
validity of result for an m-adically pseudo-compact ring.
Let Λ be a ring and m be a two-sided ideal of Λ. We have an inverse system (· · · →
Λ/mi+1 → Λ/mi → · · · ) of rings. Then we obtain a ring lim
←−
(Λ/mi) as the inverse limit of
the inverse system, and obtain a natural ring morphism Λ→ lim
←−
(Λ/mi). A ring Λ is said
to be m-adically complete if the natural morphism Λ→ lim
←−
(Λ/mi) is an isomorphism. We
say that a ring Λ is an m-adically pseudo-compact ring if it is m-adically complete and Λ/mi
has finite length for each i ≥ 1. We refer [G, KeY, VdB] for details of pseudo-compact
rings.
For a ring R, we denote by radR the radical of R. It is easy to show that a ring R is m-
adically pseudo-compact for some two-sided ideal m if and only if R satisfies the following
three conditions: (i) R/ radR is a semi-simple ring (ii) R is (radR)-adically complete, and
(iii) radR is a finitely generated left R-module.
Example 4.1. The following rings are m-adically pseudo-compact rings.
(i) A left artinian ring Λ is a (radΛ)-adically pseudo-compact ring.
(ii) Let R be a commutative local complete noetherian ring with the maximal ideal
m. Then an R-algebra Λ, which is finitely generated as an R-module, is an (mΛ)-
adically pseudo-compact ring by [CR, (6.5) Proposition].
(iii) For a finite quiver Q, let KQ be the path algebra of Q over a field K and I
be a two-sided ideal of KQ. We denote by K̂Q the complete path algebra of Q
and denote by m the two-sided ideal of K̂Q generated by all arrows. The closure
I =
⋂∞
n=0(I +m
n) of I with respect to the m-adic topology on K̂Q is a two-sided
ideal of K̂Q. Then a K-algebra Λ := K̂Q/I is an n-adically pseudo-compact ring,
where n is the two-sided ideal of Λ generated by all arrows.
Recall that an additive category is called a Krull-Schmidt category if every object
decomposes into a finite direct sum of objects having local endomorphism rings. Any
object of a Krull-Schmidt category decomposes into a finite direct sum of indecomposable
objects, and such a decomposition is unique up to isomorphisms and a permutation (see
[Kr, Corollary 4.3] for details). For a ring R, we denote by projR the category of finitely
generated projective left R-modules.
We first observe that if Λ is an m-adically pseudo-compact ring, then projΛ is Krull-
Schmidt.
A ring R is called semi-perfect [AF, §27] if it satisfies (i) R/ radR is a semi-simple
ring and (ii) every idempotent in R/ radR is the image of an idempotent in R. Then the
following lemma about semi-perfect rings is well-known.
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Lemma 4.2. Let R be a ring. Then the following statements are equivalent.
(i) R is a semi-perfect ring.
(ii) Every finitely generated R-module has a projective cover.
(iii) The category projR is a Krull-Schmidt category.
Proof. See [AF, 27.6. Theorem] and [Kr, Proposition 4.1]. 
Then we observe the following lemma.
Lemma 4.3. Let R be a ring and m a two-sided ideal of R. Assume that R is m-adically
complete and R/m is a left artinian ring. Then R is semi-perfect and therefore projR is
Krull-Schmidt.
Proof. Since R is m-adically complete, for any b ∈ m, 1 − b is an invertible element of
R. Namely, m is contained in radR. Since R/m is a left artinian ring, R/ radR is a
semi-simple ring and every idempotent in R/ radR is the image of an idempotent in R/m.
By [CR, (6.7) Theorem (i)], every idempotent in R/m is the image of an idempotent in
R. Thus R is a semi-perfect ring. By Lemma 4.2, projR is Krull-Schmidt. 
Next, to state the main theorem, we consider the following setting. For a ring Γ, we
denote by ModΓ the category of left Γ-modules. Let Λ be a subring of Γ. For a Γ-module
M , when we regard M as a Λ-module by an inclusion Λ ⊂ Γ, we write ΛM . We denote
by CΓΛ the full subcategory of ModΓ consisting of Γ-modules M which is finitely generated
projective as a Λ-module, that is,
CΓΛ := {M ∈ ModΓ | ΛM ∈ projΛ}.
We show the following theorem in this section.
Theorem 4.4. Let Λ be a subring of a ring Γ. Assume that Λ is an m-adically pseudo-
compact ring. If Γm ⊂ mΓ holds, then CΓΛ is a Krull-Schmidt category.
Before proving Theorem 4.4, we apply this theorem to show that, for an m-adically
pseudo-compact ring Λ, the homotopy category Kb(projΛ) of finitely generated projective
Λ-modules is Krull-Schmidt.
The following lemma directly follows from the definition of Krull-Schmidt categories.
Lemma 4.5. Let F : B → C be a full dense additive functor between additive categories
B, C. If B is Krull-Schmidt, then so is C.
Then we have the following corollary of Theorem 4.4. We denote by Cb(projΛ) the
category of bounded complexes of projΛ.
Corollary 4.6. Let Λ be an m-adically pseudo-compact ring. Then we have the following
statements
(a) Cb(projΛ) is a Krull-Schmidt category.
(b) Kb(projΛ) is a Krull-Schmidt category.
Proof. (a) For an integer n ≥ 1, we denote by Tn(Λ) the n×n lower triangular matrix ring
over Λ and denote by Ei,j the (i, j)-matrix unit of Tn(Λ). If n = 1, 2, then let Γn := Tn(Λ).
If n ≥ 3, then let Γn be the factor ring of Tn(Λ) modulo the ideal generated by Ei+2,i for
i = 1, . . . , n− 2, that is,
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Γn =


Λ O
Λ Λ
.. .
. . .
O Λ Λ

 .
Then Λ is a subring of Γn and mΓn = Γnm holds. By Theorem 4.4, C
Γn
Λ is a Krull-
Schmidt category. It is easy to show that there exists a fully faithful functor
ρn : C
Γn
Λ −→ C
b(projΛ),
given by M 7→ (e1M
f1
−→ e2M
f2
−→ · · ·
fn−1
−−−→ enM), where ei is an idempotent of Γn
associated to Ei,i and fi is the multiplication map of Ei+1,i from the left. Then it is also
easy to show that any object X ∈ Cb(projΛ) is isomorphic to ρn(M) for some integer
n ≥ 1 and some M ∈ CΓnΛ up to shift. Since C
Γn
Λ is Krull-Schmidt, X decomposes into a
finite direct sum of objects having local endomorphism rings. Therefore, Cb(projΛ) is a
Krull-Schmidt category.
(b) By the definition of homotopy categories, there exists a full dense functor from
Cb(projΛ) to Kb(projΛ). Thus Kb(projΛ) is a Krull-Schmidt category by (a) and Lemma
4.5. 
From now on, we show Theorem 4.4. We begin with the following lemma.
Lemma 4.7. Let Λ be a subring of a ring Γ. Assume that projΛ is a Krull-Schmidt
category. Then each object of CΓΛ decomposes into a finite direct sum of indecomposable
objects in CΓΛ.
Proof. Let M ∈ CΓΛ. Since projΛ is Krull-Schmidt, ΛM uniquely decomposes into a fi-
nite direct sum of indecomposable projective Λ-modules. We show the assertion by an
induction of the number of indecomposable direct summands of ΛM .
It is clear that, for M,N ∈ CΓΛ, if M ≃ N , then ΛM ≃ ΛN holds. If M is indecompos-
able, there is nothing to show. Assume that M and hence ΛM are decomposable, and the
number of indecomposable direct summands of ΛM is n. Then we have M ≃ M
′ ⊕M ′′
for some M ′,M ′′ ∈ CΓΛ and the numbers of indecomposable direct summands of ΛM
′ and
ΛM
′′ are smaller than n. By the induction hypothesis, M ′ and M ′′ decompose into finite
direct sums of indecomposable objects in CΓΛ. 
The next lemma is well-known as Fitting-Lemma.
Lemma 4.8. Let R be a ring and M be a finite length R-module. Then for each R-
morphism f : M → M , there exists an integer n > 0 such that M ≃ Im(fn) ⊕ Ker(fn).
In this case, we have Im(fn) = Im(fn+i) and Ker(fn) = Ker(fn+i) for any i > 0.
Then we give the following key lemma, which is a generalization of Lemma 4.8.
Lemma 4.9. Let Λ be a subring of a ring Γ. Assume that Λ is an m-adically pseudo-
compact ring. If Γm ⊂ mΓ holds, then for each M ∈ CΓΛ and each f ∈ HomΓ(M,M), there
exist I,K ∈ CΓΛ such that M ≃ I ⊕K, f(I) ⊂ I, f(K) ⊂ K, f |I is an isomorphism on I
and (idK − f |K) is an isomorphism on K. In particular, if M is indecomposable, then its
endomorphism algebra EndΓ(M) is local.
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Proof. Let M ∈ CΓΛ and f ∈ HomΓ(M,M) and i > 0 be an integer. Since Γm ⊂ mΓ
holds, M/miM is a left Γ-module, and f induces a morphism fi :M/m
iM →M/miM of
Γ-modules. Thus we have the following commutative diagram
· · · M/mi+1M M/miM M/mi−1M · · ·
· · · M/mi+1M M/miM M/mi−1M · · · ,
pi+1
fi+1
pi
fi fi−1
pi+1 pi
where pi is a canonical morphism. Since Λ is m-adically pseudo-compact and M is in C
Γ
Λ,
M/miM has finite length as a Λ-module. By Lemma 4.8, there exists an integer ni > 0
satisfying the following equalities and an isomorphism
Im((fi)
ni) = Im((fi)
ni+j)(1)
Ker((fi)
ni) = Ker((fi)
ni+j)(2)
M/miM ≃ Im((fi)
ni)⊕Ker((fi)
ni)
for any integer j > 0. Define Γ-modules Ii := Im((fi)
ni) and Ki := Ker((fi)
ni). By
equalities (1) and (2), we have a commutative diagram
(3)
M/miM Ii ⊕Ki
M/miM Ii ⊕Ki.
≃
fi fi|Ii⊕fi|Ki
≃
Note that fi |Ii is an isomorphism and fi |Ki is nilpotent.
We can assume that ni+1 > ni for any i > 0. Thus there exist natural morphisms
φi+1 : Ii+1 → Ii and ψi+1 : Ki+1 → Ki, and we have inverse systems (Ii, φi) and (Ki, ψi).
Now we have the following commutative diagram
(4)
M/miM Ii ⊕Ki
M/mi−1M Ii−1 ⊕Ki−1.
≃
pi φi⊕ψi
≃
Since ΛM is a finitely generated projective Λ-module, an inverse system (M/m
iM,pi)
satisfies M ≃ lim
←−
(M/miM,pi). Let I := lim←−
(Ii, φi) and K := lim←−
(Ki, ψi). By the com-
mutative diagram (4), we have M ≃ I ⊕ K. It is easy to see that CΓΛ is closed under
direct summands in ModΓ. Thus I and K belong to CΓΛ. By the commutative diagram
(3), f |I = lim←−
(fi |Ii) and f |K = lim←−
(fi |Ki) hold. Thus we have f(I) ⊂ I and f(K) ⊂ K.
Since fi |Ii is an isomorphism for any i > 0, f |I is also an isomorphism. Similarly since
(id |K −fi |Ki) is an isomorphism for any i > 0, (idK − f |K) is also an isomorphism. 
Then Theorem 4.4 directly follows from Lemmas 4.7 and 4.9.
We end this section by giving one observation. Let R be a ring. We denote by fpR the
full subcategory of ModR consisting of finitely presented R-modules. Then we have the
following result.
Lemma 4.10. Let R be a ring. If Kb(projR) is Krull-Schmidt, then so is fpR.
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Proof. Let B be a full subcategory of a Krull-Schmidt category C. It is easy to see that
if B is closed under direct sums and direct summands in C, then B is a Krull-Schmidt
category.
We denote by K the subcategory of Kb(projR) consisting of two-term complexes. For any
X ∈ Kb(projR), X belongs to K if and only if Hom(R,X[i]) = 0 and Hom(X,R[i−1]) = 0
for any i > 0. Because of this characterization, K is closed under direct sums and direct
summands in Kb(projR). Therefore by the above argument, K is Krull-Schmidt. We
denote by H0 : K → fpR the functor which takes the degree zero homology. Then it is
easy to see that H0 is full and dense. Thus by Lemma 4.5, fpR is Krull-Schmidt. 
Appendix A.
In this appendix, we give a proposition which show that all silting complexes of a
preprojective algebra of affine type are tilting. This proposition is shown by Osamu Iyama,
and the authors are deeply grateful that he gave a permission to write the proposition in
this paper.
For a ring A, we denote by D(A) the derived category of the category of left A-modules,
and denote by D≤0(A) (respectively, D≥0(A)) the full subcategory of D(A) consisting of
complexes X with Hi(X) = 0 for i > 0 (resp. i < 0).
Let R be a commutative Cohen-Macaulay ring with the canonical module ω, and Λ an
R-algebra which is finitely generated as an R-module. Assume that Λ is a Calabi-Yau
R-algebra in the sense that
RHomR(Λ, ω) ≃ Λ
in D(Λ⊗R Λ
op). In other words, the following conditions are satisfied.
• Λ is a maximal Cohen-Macaulay R-module.
• HomR(Λ, ω) ≃ Λ as Λ-bimodules.
For examples, preprojective algebras of affine type satisfy these conditions. In this case,
R is a simple singularity of dimension 2 and ω = R holds.
Proposition A.1. Under the above setting, all silting complexes of Λ are tilting.
Proof. Let T be a silting complex of Λ, and E = RHomΛ(T, T ). Then E ∈ D
≤0(R). On
the other hand, there is an isomorphism
E ≃ RHomR(E , ω)
in D(R) by [IR1, Proposition 3.5 (3)]. Since RHomR(E , ω) ∈ D
≥0(R), we have E ∈ modR,
that is, T is a tilting complex. 
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